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Analog Analyses of Seismograms Recorded on Magnetic Tapel 
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Palisades, New Yo& 

dbstracl. Routme recordmg of long-period seismometer signals in analog form on magnetic 
tape makes it possible to  perform a wide variety of analyses rapidly and efficiently. Examples 
of analog analyses of seismic waves from eight distant earthquakes, a large nuclear explosion, 
and the microseism storm associated with a hurricane illustrate some of the advantages of this 
type of recording. Inverse and selectire filtering, with and without filter phase shift, are used 
to  remove mstrumental effects, improve signal-to-noise ratio, and emphasize desired phases 
Fourier, energy, and power spectrums are obtained by several analog methods. Comparison of 
results of an analog Fourier analysis of the Palisades record of a large Soviet nuclear explosion 
near Kovaya Zemlya in 1961 with digital analyses of two smaller 1958 explosions in the same 
area recorded at Palisades shows remarkable similarity in the spectrums. The only significant 
difference between the two sets of data is that the larger event is richer in long-period energy. 
Plots of frequency versus time and of cumulative signal, in different frequency bands, versua 
time present seismic data in a form more convenient for certain studies than the conventional 
record. Various combinations of the original three-component signals (NS, E W ,  and vertical) 
permit easy identification of seismic wave types by surface particle motion, improve the preci- 
sion and reliability with which seismic arrivals can be identified, and aid in the detailed atudy of 
near-station effects on seismic signals. Results from the rotation of apparent instrumental 
coordinates to  longitudinal horizontal, transverse horizontal, and vertical; multiplication of 
vertical and longitudinal components; and integration of this product serve aa examples of the 
advantages of this type of data transformation. The analog magnetic tape seismograms can be 
digitized for any digital analyses desired, using R relativelv simple, automatic, low-speed digi- 
tizer (two 3-decimal digit readings per serond) . 
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Ziagelbargo., 1961 ; Simpson, 19611. The advan- 
tages of the wide dynamic range of these record- 
ing systems are somewhat offset by the time 
required for data reduction and analysis, the 
amount of recording medium needed, and the 
requirement for a digital computer for even 
the most elementary analysis. An implicit re- 
quirement for such systems is that the primary 
transducer and any preamplifiers have an equally 
wide dynamic range. 

The purpose of the present paper is to de- 
scribe the magnetic tape recording system cur- 
rently in operation at the Lamont Geological 
Observatory and to present some methods and 
preliminary results of the reduction and analy- 
sis of seismic signals recorded with this system. 
These include (1) inverse filtering to  remove in- 
strumental effects, and selective filtering to em- 
phasize various phases, including filtering with- 
out phase shift ; (2) plotting of frequency versus 
time and cumulative energy versus time; (3) 
determination of Fourier, energy, and power 
spectrums; (4) rotation of instrumental axes; 
(5) identification, by surface particle motion, of 
sei,snic wave types; and (6) analog-to-digital 
conversion. Future plans include the purchase of 
higher-speed analog-to-digital conversion equip- 
ment for subsequent digital analysis. 

The Lamont Observatory is establishing a 
worldwide network of long-period, magnetic tape 
recording stations which are producing data to 
be handled by these methods. Also, seismic data 
from the Ranger and subsequent experiments on 
the moon can be analyzed using as many of the 
above techniques as are applicable. Barometric, 
gravimetric, and magnetic observations are cur- 
rently being recorded on magnetic tape and are 
being, or will be, analyzed with the same equip- 
ment. Magnetic tape records from ocean bottom 
seismographs and other short-period field instni- 
ments are also being analyzed at this facility. 

INSTRUMENTATION 
Recording equipment. Present instrumenta- 

tion consists of the following components: 
( a )  Seismometers. The long-period (three 

components) seismometers are of the Columbia 
type with a 500-ohm transducer coil. The oper- 
ating period of these instruments is currently 15 
seconds. Some records were obtained with the 
instruments operating a t  30 seconds. Short-ue- 

ponents with natural periods of 1 second) are 
also being recorded routinely. 

( b )  Preamplifiers. Since the power available 
from a seismometer transducer coil is very small, 
preamplifiers are required. The preamplifiers 
should be stable, low-level amplifiers. If long- 
period prefiltering is desired, a relatively high 
input impedance is required. The amplifier (dc) 
currently in use is the Honeywell deviation am- 
plifier, which is down in response by 3 db at 4 
cps. Other amplifiers, including the Hewlett- 
Packard 425-A, have been used in the past. 

(c) Filters. At the present time, simple long- 
period low-pass RC filters are being used. These 
filters are sometimes combined with additional 
shorter-period low-pass or band-rejection filters. 
The unfiltered seismometer coil output is also 
recorded. 

( d )  Recorders. The amplified and prefiltered 
seismometer output is divided into high- and 
low-gain levels and recorded as a frequency- 

c' 
, 
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modulated signal on %-inch magnetic tape.2 Both 
Ampcs and Honeywell tape systems are being 
used. Present rccording speeds are 15/16 ips, 
n-hich provides a 24-hour record on a 14-inch 
reel of instrumentation grade tape having a l-mil 
base, and 0.06 ips, which provides a 16-day rec- 
ord on n similar tape reel. Signal-to-noise ratio 
for the Ampex system is about 40 db in the sig- 
nal passband after rc-recording once. For the 
Honeywell system, the signal-to-noise ratio is 
about 50 db in the signal passband. Visible moni- 
tor records are obtained in parallel with the 
magnetic tape records. Drum-mounted poten- 
tiometer recorders (Varian Instrument Com- 
pany, G-10) are used to monitor the long-period 
instruments, and Geotechnical Corporation Heli- 
corders are used for the short-period instruments. 
These units provide a permanent visible record 
of the input to the tape recorders. Although 
monitoring of the tape output would be prefer- 
able for reliability, practical considerations pre- 
clude this possibility a t  present. 

For economic and practical reasons, storage of 
the magnetic tape at n rate of one reel per day 

' 

2 The tape transports have 7 recording channels 
(IRIG configuration). The long- and short-period 
signals are recorded on separate transports. For the 
long-period system, the seventh channel is used for 
timing. For the short-period system the seventh 

- channel is used for compensation, and time markq 
are superimposed on a low-gain data channel riod Benioff portable se' three com- 
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is not feasible ; therefore, the recordings from 
the higher-speed tape system are compressed in 
length by a factor of 32 before storage, and up 
to one month’s records can be stored on a single 
reel. The compression in length is accomplished 
by speeding up the data by the proper amount 
and recording on another magnetic tape unit 
operating a t  a lower tape speed. For the Ampex 
system, with a compression in length of 32, the 
bandwidth, referred to the original data, is 0 to 
5 cps. For the Honeywell system, the data band- 
width is 0 to 20 cps. Thus, for both systems, the 
system response is limited by the preamplifier 
response to 0 to 4 cps. 

The time compression factor (frequency iii- 
crease) is obtained by multiplying the compres- 
sion in length on the storage reel by the ratio 
of the final reproducing speed to the original 
recording speed. For special analysis, the data 
can be re-expanded or further compressed with- 
out sn objectionable loss of signal quality. Time 
compression allows the use of audio and sub- 
audio frequency analyzing equipment for the 
long-period data and reduces the time required 
for many types of analyses. I n  addition, by ex- 
panding the time scale, high-frequency signals 
can be studied in detail and digitized with rela- 
t ivelr inexpensive, slow-sped equipment. 

Analyzing equipment. A flow chart of the 
existing data analysis facility at Lamont Ob- 
servatory is shown in Figure 1. The magnetic 
tape seismogram is reproduced at the desired 
speed on a standard tape transport in positive or 
negative record time. The resulting signal can be 
analyzed directly, digitized for subsequent digital 
analysis, or re-recorded on a magnetic tape loop 
transport for subsequent analog analysis requir- 
ing data repetition. 

(a)  Filters. Kroh-Hite 330A4 variable 
band-pass or low-pass filters with a frequency 
range of 0.005 to 500 cps are currently in use. 
These have a minimum passband of 1 octave 
between 3-db points and an attenuation slope of 

db/octave. An Allison model 201 variable 
band-pas, high-pas, or low-pass filter using 
passive components is also available. This filter 
has a frequency range of 1 to 256 cps, minimum 
passband of 1/5 octave, and an attenuation slope 
of 30 db/octave. A Krohn-Hite 350A variable 
band-rejection filter with a frequency range of 
0.02 to  2OOO cps is also used. For routine opera- 
tions, fixed filters such as inverse seismographs 
or notch filters for rejection of microseisms can 
be constructed using analog computer compo- 
nents. 

( b l  &nerd purpose analog computer. A 
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Fig. 2. N-S seismograms of Kurile Islands earthquake. Upper,  open filter; middle,  10-sec 
low-pass filter; lower, 16sec low-pass filter. Body wave arrival times shown in this and suc- 
ceeding figures are from Jeffreys-Bullen tables. Epicentral data for this and other events studied 
%re given in Table 1 

Pace TR-10 (Electronic Associates, Inc.) analog 
computer with twenty operational amplifiers, ten 
integrators and multipliers, and other nonlinear 
devices is being used. 

( c )  Frequency analyzers. Two types of stan- 
dard analyzers are currently in use. The Xis- 
silyzer, manufactured by Kay Electric Co., pro- 
vides measurements of frequency and amplitude 
envelope versus time, and amplitude versus fre- 
quency for selected small time intervals. A spec- 
trum analyzer manufactured by Technical Prod- 
ucts Corporation is used to produce spectrums 
from complete seismograms. 

( d )  Chart recorders. Sanborn chart record- 
ers are generally used for presentation of the 
analyzed data. 

( e )  Analog-to-digital converter. -4 Datex 
shaft position encoder is mounted on a Vanan 
recorder so that an incoming signal may be 
digitized directly or a signal on magnetic tape 
may be converted to digital format. Th'is unit 
operates into a paper card punch (IBM 026) or 
a paper tape punch (Friden SP-2) at  a maxi- 
mum rate of two 3-digit conversions per second. 
In addition, a drum-mounted shaft-position 

encoder is available for digitizing standard seis- 
mograms. This unit can also be used to provide 
an electrical analog for magnetic tape recording 
from a standard seismogram. 

METHODS AND RESULTS 

Selective filtering. One of the advantages 
possessed by magnetic tape recording is that it 
allows the repeated reproduction of the recorded 
signal, with the result that the signal mny be 
studied in several different ways. The signal may 
be reproduced wide-band, that is, with no filters 
between the tape output and the visible recorder. 
Then, low-pass, high-pass, band-pass, or band- 
rejection filters may be used to emphasize or 
attenuate selected portions of the frequency 
spectrum. I n  many cases, filtering without in- 
troducing phase shift is desirable, and this is 
possible with analog techniques. The effect of 
instrumental response may be removed from the 
recorded seismogram and/or the response may 
be shaped to any reasonable characteristic by 
means of inverse filtering. 

A set of records which is particularly valuable 
for studies of the longer-period components can 
be obtained by setting the filter at wide-band 
and then successively lowering the low-pass . 
corner. Figure 2 shows records of the N-S long- 
period signal from the Kurile Islands earth- 
quake of September 3, 1960, recorded a t  Pali- 
sades. The source data for this earthquake and 
a l l  other events discussed in this paper are lkted 
in Table 1. 

The seismometer has n free period of 30 SPC- 
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onds, and the signal is prefiltered with a two- 
stage passive RC low-pass filter, set a t  45 sec- 
onds corner period (equivalent to a critically 
damped galvanometer with a natural period of 
45 seconds), before recording on magnetic tape. 
The time base is compressed during playback 
by a factor of 32; thus a half-hour record is 
analyzed in a minute. The records shown are 
obtained by reproducing the recorded signal 
through a band-pass filter. In the top trace, the 
filter was effectively open (signal periods of 1 to 
300 seconds in real time). The two IoTer traces 
show the effect of low-pass filtering at 10 to 300 
and 15 to 300 seconds, respectively. On these 
lower traces, the predominant microseism noise 
in the period range of 4 to 8 seconds has been 
strongly attenuated relative to the body waves. 
The signal-twnoise ratio for the P wave, for ex- 

ample, has been increased by about a factor of 
3. Since the P wave spectrum is broader than 
that of the microseisms, the signal-to-noise ratio 
could also be improved by high-pass (or band- 
rejection) filtering. 

Shown in Figure 3 is a series of N-S records 
recorded on tape at Palisades from the Domini- 
can Republic earthquake of September 14,1960. 
From top to bottom, the low-pass filter setting 
is successively increased from 1 to  48 seconds. 
The following improvements can be noted in the 
records: first, the microseisms are attenuated by 
the filtering process; second, the pulselike char- 
acter of P and PP is emphasized by the suc- 
cessive filtering; third, the beginning of the 
Rayleigh wave, which is obscured by earlier ax- 
rivals in the wider-band traces, is clearly seen 
on the 32- to 300-second filtered trace. 

TABLE 1. Epicentral Data and Distance and Azimuth at Palisades, New York, for the Earthquakes 
and the Explosion Used in This Study 

Origin Time,* 
UT Depth,* I>istancr, Azimuth, 

Date Location* h m  8 km Magnitude deg deg 

1960 
Sept. 3 

Sept. 14 

Sept. 14 

1961 
June 16 

Oct. 30 

Dee. 20 

Dec. 30 

1962 
Feb. 14 

Sept. 1 

44.6"N, 149.1"E 
Kurile Islands 
35.1 "S, 106.0"W 
South Pacific 

Ocean 
19.6"N, 70.3"W 
Dominican 

Republic 

8.8"N, 73.4"W 
Northern 

Colombia 
i4.7"N, 54.9"E 
Novaya Zemlya 
4.6"N, 75.6OW 
West-central 

Colombia 
52.3"N, 177.7"E 
Rat Islands, 
Aleutian 

Islands 

38.1 OS, 73.1 "W 
Near Coast of 

35.6"N, 50.O"E 
Northwest Iran 

Chile 

23 46 23.!) 

04 57 12.5 

01 53 32.1 

10 31 56.2 

08 33 30 

13 25 34.4 

00 39 24.1 

06 36 01.3 

19 20 38.5 

L'i 

40 

103 

120 

<o 

176 

52 

44 

21 

not given 

not given 

i (Pal) 6% (Pati) 
6% (Berk) 

6%-7 (Pal) 
7% (Pas) 7% (Berk) 

7 (Pal) 7% (Pas) 
7% (Berk) 

86.2 330.8 

81.3 206.2 

21.6 170.2 

32.1 179.1 

59.7 13.9 

36.3 182.9 

68.3 321.2 

'78.6 179.4 

88.0 42.6 

* Determined by U. S. Coast and Geodetic Survey except for October 30, 1961, event for which coordi- 
nates and origin times are taken from the Uppsala, Sweden. Seismnlogiral Bulletin. 
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Fig. 3. N-S seismograms of Dominican Republic enrtliquake. Low-pass filter corners, open, 
10,15,22,32, and 48 seconds, from top to bottom. 
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Figure 4 shows playbacks of Palisades N-S 
magnetic tape seismograms from the South Pa- 
cific earthquake of September 14, 1960. As the 
low-pass filter setting is moved to successively 
longer periods, the storm microseisms in the 
6-second period range are effectively removed 
and the signai-to-noise ratio is generally im- 
proved. On the lower traces, there is apparent 
inverse dispersion in the shear and Rayleigh * 

u 

wave trains. This apparent inverse dispersion 
will be discussed below. In addition, the pulse- 
like nature of longer-period components of the 
Love wave or G wave is brought out by low- 
pass filtering. 

High-pass filtering is also useful in certain ap- 
plications. L. Sykes (personal communication) 
used the equipment described here to  success- 
h11y isolate, by high-pass filtering, the higher- 

Fig. 4. N-S seismograms of South Pacific earthquake. Low-pass filter corners, open, 15, 32, 48 
and 60 seconds, from top to bottom. 
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mode surface waves from the fundamental-mode 
surface waves for use in a study of oceanic sur- 
face wave dispersion. Sykes used magnetic 
tape seismograms produced from original photo- 
graphic records with the converter discussed 
earlier. Band-pass and band-rejection filtering, 
although not illustrated here, are being used to 
emphasize or reject specific portions of the fre- 
quency spectrum. 

The records shown in Figure 5 illustrate a 
method of eliminating filter phase shift. In  all 
the previous figures showing filtered seismo- 
grams, the reproduced magnetic tape seismo- 
gram was passed through a filter and recorded 
directly on a visible recorder. Both the ampli- 

duced into these records. For some purposes this 
I tude and phase response of the filter are intro- 

is desirable, since the arrival time and the direc- 
tion of the ‘first break’ of a transient signal are 
preserved. In  other cases, particularly when 
phase velocity studies are contemplated, the 
strong phase shifts normally associated with 
sharp filters are undesirable. Sharp filtering with- 
out any associated phase shift can be obtained 
by reproducing the signal from the original mag- 
netic tape, passing this signal through a given 
filter, and re-recording the output from the filter 
on another magnetic tape. The re-recorded tape 
is then inverted on the tape transport in order 
to produce a seismic signal in negative time, 
i.e., from end to beginning. This signal is then 
passed through the same filter and played out 
on a visible recorder. I n  this way, the amplitudr 
response of the filter is squared and the pha>c, 

’ 

* 

I 

Fig. 5. N-S seismograms of South Pacific earthquake illustrating removal of filter phase 
shift. L0w-pa.s filter corners, 48 seconds on the three upper traces, 60 seconds on the three 
lower traces; g, normal filter phase shift, g*, negative phase shift, gg*, no phase shift. 
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shift is completely canceled (see appendix 1). 
In Figure 5 the bottom trace of each set of 
three records represents the filter output from 
the original magnetic tape seismogram. The fre- 
quency components of the signal are multiplied 
by the filter transfer function, g(o). 

The middle traces were obtained by repro- 
ducing the original seismogram through the filter 
in negative record time. I n  this case, the fre- 
quency components are multiplied by g ” ( o )  and 
the filter phase shift is reversed. Filtered signals 
with no phase shift, multiplied by gg*, are shown 
in the upper traces. These records are aligned 
in time so that an examination of the records 
quickly reveals the effects of the Bter. In  posi- 
tive time, the Bter introduces a delay in the 
response; in negative time, i t  can be seen that 
the filter produces a time advance. In the record 
free from filter phase shift, it may be seen that 
the apparent inverse dispersion mentioned ear- 
lier is not noticeable in the S wave but can still 
be observed in the Rayleigh wave train. 

An important concldon to be drawn from 
this last figure is that the double filtering method 
or some substitute should be used for precise 
measurements of group and phase arrival times 
for frequencies near filter corners to ensure that 
observed phenomena are not the result of the 
phase response of the filter network used. The 
effect of seismograph response on recorded tran- 
sient signals has been examined by Landisman 
et d. [1959]. 

Inverse filtering. Before using the selective 
filtering described above or other analyses, it  is 
frequently desirable to eliminate the response of 
the recording instrument from the seismogram 
or to preshape the signal to some desired char- 
acteristic. Either operation is possible by passing 
the signal through the desired inverse filter, built 
from analog computer components. I n  practice, 
this can be accomplished by selecting the desired 
response, determining the characteristics of the 
required inverse filter, determining the transfer 
function of this filter, programming the function 
on the analog computer, and using the computer 
as the filter. System noise obviously places prac- 
tical limitations on this procedure. Examples of 
the effect of inverse filtering are presented in 
Figures 6 and 13. In  both cases, the original 
seismogram was recorded directly from a criti- 
cally damped seismometer with a natural period 
of 15 seconds. The magnification of the system 
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decreases at 6 db/octave, with increasing period, 
out to 15 seconds and beyond this at 18 db/oc- 
tave. The response desired for these cases is con- 
stant sensitivity to particle velocity, equivalent 
to a decrease in magnification of 6 db/octave 
with increasing period. This is obtained out to a 
period of 200 seconds, beyond which the mag- 
nification returns to the original l&db/octave 
slope. The inverse filter used for this purpose is 
flat with increasing period to 15 seconds; i t  in- 
creases at 12 db/octave to 200 seconds and is flat 
a t  longer periods. 

The transfer function of this inverse filter, in 
transform notation, is 

where 00 is the natural angular frequency of the 
pendulum and O, is the angular frequency equiv- 
alent to a corner period of 200 seconds. 

This equation can be programmed using seven 
operational amplifiers, four of which are used 
with integration networks. In Figure 6: the 
trace labeled ‘particle velocity’ clearly shows the 
increase in long-period response produced by  
the inverse flter. This increase is also evident 
in the trace labeled ‘V’ in Figure 13. The re- 
sultant signals are used for the energy studies 
outlined below. This procedure is not l i i t e d  to  
producing velocity traces but may be used to 
provide any reasonable amplitude and phase re- 
sponse. 

Given a record in the frequency domain R ( w )  
= S ( w ) f ( ~ ) ,  where f(o) represents the earth 
motion and S(O) represents the seismograph re- 
sponse characteristic, a new record R’(o) with 
an equivalent filtering g(o) can be obtained by 
putting the record through a filter whose trans- 
fer function is g ( o ) / S ( o )  ; that is, 

I”) = ( g ( 4 / & 4 ) R ( w )  = s(wM.4 
[Bogert, 1961~1. 

Spectral analysis. With the original seismo- 
gram recorded on magnetic tape, there are sev- 
eral ways to perform spectral analyses. Figure 7 
is a block diagram showing two alternative ways 
of obtaining frequency spectrums. Along the 
upper path, the seismogram is passed through a 
band-pass filter with variable center frequency, 

3The t ime base of this and succeeding seismo- 
grams, except those in Figure 13, is rompressed by 
:I factor of 64. 
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Fig. 7. Block diagram of alternative methods for analog spectral analysis. 

UI,, into an analog computer. In the analog com- 
puter, the first operation is to provide a response 
which is flat to particle velocity. The output of 
the inverse seismograph, us,  is then squared and 
integrated. This integral provides a measure of 
the energy in a given frequency band as a func- 
tion of time. An energy spectrum (per unit band- 
width) is obtained by measuring the total value 
of the integral for a given transient signal for 
several frequency bands and plotting these 
values as a function of frequency. Cumulative 
energy as a function of time will be discussed be- 
low. The resolution of this method of deter- 
mining qectrums depends on the bandwidth of 
the filter used. 

In the frequency domain the output of the 
band-pass filter, h ( 0 )  , is given by 

h ( 4  = g ( w ) f ( o )  
where ~(u I )  is the transform of the input signal 
and g(o) is the filter transfer function. Since g 
approaches zero outside the mter passband, h 
will also approach zero outside the same pass- 
band, provided that f is well behaved. From 
Parseval's theorem 

l: F 2 ( r )  d r  = /-: G'(4 d(w) 

where G(uI) is the Fourier transform of F ( T ) .  
When the output of the inverse seismograph, 
v,, is zero for times less than zero and greater 
than t ,  we get 

0,' d T  = 1' v i 2  d r  = h2 dw 

and, assuming g = 1 and f = fa within the filter 
passband, 

Y *  m s_, h2 dm -j--. f'oh 

'U f o 2 ( o i ) [ u 2  - ~ 1 1  = fa2(wi)Au 

where W, and 02 are the filter corner frequencies 
and UI, is the center frequency. Therefore, the 
Fourier amplitude f (UI , )  is approximated by 

r r l  7 1 / 2  I 

Since the filters generally used have a constant 
&, Le., AUI = w/&, we get finally, 

fa(w.) = [ s,' Y,2 dr]1'2Q'/Z,w,l/2 

Thus, to obtain Fourier amplitudes by this 
method, it is necessary either to divide the in- 
tegral by the square root of the filter bandwidth 
or to  multiply by Q"*/o>". 

The f.(w,) obtained in this manner are a p  
proximately the root mean square of the Fourier 
amplitudes of the input signal over the filter 
passband, and they approach the exact value, 
f ( ~ , ) ,  as the filter bandwidth approaches zero. 

This type of analysis was performed on the 
seismogram (vertical-component instrument) of 
the large Soviet nuclear explosion of October 30, 
1961, as pictured in Figure 6. The result of the 
squaring operation is shorn as (v:), .CC where 
the subscript, 16 sec, indicates a 1-octave filter 
passband centered at 16 seconds. The integrator 
output for 16 seconds is also shown in this figure. 
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NOVAYA ZEMLAYA TO 
PALISADES - 10-30-61 ANALOG-FOURIER 

A . T I  " FILTER 
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PERIOD SECONDS 

Fig. 8. Energy spectrum of Palisades seismogram of Novaya Zemlya explosion obtained by 
band-pass filter and Fourier methods. Dashed lines represent filter passband. 

In  Figure 8, the results of this analysis [f.(w,)]' 
are compared with the square of the Fourier 
amplitude spectrum. The horizontal dashed lines 
represent the filter bandwidth used. As can be 
seen in Figure 8, the bandwidth of the filter is 
relatively broad, and only general features of 
the spectrum are resolved. Also, i t  is obvious 
that in this case the amplitudcs arc not constant 
within all the filter bands used. 

To obtain a more detailed spectrum, the mag- 
netic tape seismogram is reproduced directly into 
the analog computer following the lower path in 
Figure 7 .  The output of the inverse seismograph 
is multiplied separately by sin o,t and cos o,t, 
and the resultant products are integrated. (A 
simple three-amplifier circuit can be used to gen- 
erate sin o,t and coso,t within the analo, com- 
puter.) 

The integrals thus obtained, 

are equal to the Fourier coefficients of f ( t )  

when 

L* 

I 

L 

That is, the integrals give exactly the Fourier 
coefficients of a seismic signal commencing at  or 
nfter T = 0 and set equal to zero at r = t .  Simi- 
larly, the Fourier coefficients for a portion of the 
signal between times tl and t ,  (the signal is as- 
sumed to  be zero outside this interval) are given 
by the difference between the values of the in- 
tegral at t, and a t  t,. Provided that the back- 
ground microseisms arc coherent and have a 
(sonstant power spectrum, the values of a and b 
for the signal can be obtained exactly by measur- 
ing a and b from the sloping base line produced 
by the background energy. 

The Fourier amplitude !(ut), obtained ap- 
proximately in the previous method, is given by 
f = (d + b2)lR. Of course, f and the spectral 
energy, p, can be obtained at the output of the 
computer if desired (provided that enough com- 
puter elements are available). However, all 
phase information and the ability to eliminate 
roherent background completely are lost unless 
n and b are observed separately. 

The integrals for a and b, evaluated at a 
period of 16 seconds, for the Soviet nuclear 
explosion are shown at the bottom of Figure 6. 
The values of the square of the Fourier ampli- 
tudes are plotted in Figure 8 for comparison with 
the points obtained by the approximate method. 

A simple analog method for obtaining the 
Fourier coefficients without the use of multi- 
pliers and oscillators is described by Cooper and 
Broom [1961]. This method was also used to  
obtain Fourier coefficients for the nuclear explo- 
Pion of Octohcr 30, 1961, and the results, al- 
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though not presented in this paper, are in agree- 
ment with the results obtained by the method 
outlined above. 

In Figure 9, the Fourier amplitudes obtained 
by the analog method described above are com- 
pared with two spectrums from the large Soviet 
nuclear explosions of 1958, as calculated on a 
digital computer by Pomeroy [1963]. Within the 
accuracy to which the epicenters are known, the 
propagation paths for all three events are identi- 
cal. The most remarkable feature of this com- 
parison is the similarity of the three spectrums. 
The agreement of details among the three ex- 
plosions is excellent. The sharp minimums in a l l  
of the spectrums around 16.5 and 20.6 seconds 
are probably due to interference resulting from 
multipath propagation. The only definite differ- 
ence between the spectrums is that the 1961 
Soviet explosion, which apparently was the 
largest to date, is richer in the long-period com- 
ponents. The difference in response between the 
recording instruments used does not affect this 
conclusion. The over-all level of the spectrum of 
the 1961 event was higher, but i t  has been nor- 
malized approximately to the maximiim Irrd of 
the smaller 1958 events. 

Rough power spectrums may be obtained with 
simple components in the following manner. -4 
certain length of the incoming recorded signal 
is passed through a narrow-band filter and re- 
corded on a visible recorder; the average ampli- 
tude recorded on the visible recorder for the 

I I I I I I 
NOVAYA ZEMLAYA TO 

PALISADES - 
~ 10-18-58 DIGITAL 

8 -  

___-  10-22-58 " 

c-. 10-30-61 ANALOG - - 

- 

- 2 -  

time and frequency interval selected is then 
squared. This value is a measure of the power 
in the band paxed by the filter. The resolution 
of this method depends on the bandwidth of the 
filter used. This simple technique is useful in the 
study of microseisms and other background 
noise. 

A hurricane, named Donna by the U. S. 
Weather Bureau, struck the east coast of the 
United States early on September 11, 1960. Fig- 
ure 10 shom the position of the storm center 
every 12 hours starting at 0600 UT, September 
11, 1960. The numbers on the map associated 
with storm positions, e.g., the 10 a t  0600 of Sep- 
tember 12, 1960, refer to the wind velocity at 
Palisades in knots. Using the simple method for 
obtaining power spectrums outlined above, we 
obtained the power spectrums of microseisms 
that were recorded when the storm was at posi- 
tions 1, 2, 3, and 4 (numbers in the squares of 
Figure 10). These spectrums are plotted in Fig- 
ure 11. Since the filter used has a 1-octave pass- 
band, the spectral densities shown are in power 
per octave. A time interval of approximately 1 
hour at each position was used, and the average 
amplitude, excluding anomalously high ampli- 
tudes, was obtained. 

The over-all level of the microseismic noise in 
the period range of 3 to 7 seconds increased by 
approximately a factor of 5 between positions 1 
and 2. For periods between 10 and 20 seconds, 
the level of the background increased by a factor 
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Fig. 10. Track of hurricane Donna (1960) show- 
ing positions of storm center, wind speeds in knots 
at Palisades, New York, and locations of storm 
center during intervals analyzed (numbered 
squares). 

of about 10. Then, with the storm center a t  posi- 
tion 2, a general decrease in level occurred for 
longer periods until the level at position 1 was 
reached. This high level at long periods is at- 
tributed to local tilting associated with the high 
winds at Palisades. 

At position 3, the wind velocity at Palisades 
had decreased to 10 knots, and the 4- to 8-second 
microseisms were still at a relatively high level. 
However, the level of the background noise in 
the period range of about 10 to 20 seconds was 
then somewhat greater than the shorter-period 
microseisms. At periods beyond about 20 sec- 
onds, the amplitude of t,he background dropped 

rapidly to a level significantly below the levels 
of positions 1 and 2. 

At position 4, the wind velocity at Palisades 
was still of the order of 10 knots. The general 
features of the spectrum at this position are 
roughly equivalent to  those at position 3, but 
the over-all level near the maximum is about a 
factor of 10 lower. 

I n  general, from hurricane Donna, large- 
amplitude microseisms are observed in the 
period range of 3 to 8 seconds throughout the 
time interval studied, as expected. The micro- 
seisms in the period range of 10 to  20 seconds 
increased significantly during the time the storm 
was passing the New York area and for some 
time afterward. Some evidence of a double maxi- 
mum in the microseism spectrum is observed. 
Finally, the relatively high amplitude noise at 
periods greater than about 30 seconds for storm 
positions 1 and 2 is attributed to local tilting 
caused by high winds in the Palisades area. 

Figures 6, 12, and 13 contain plots of cumu- 
lative signal as a function of time in the form 

, 

, 

Cumulative energy as a function of time. 

j" v2 at 

wide-band and narrow-band, or 

'" I IO 100 1000 
PERIOD - SECONDS 

Fig. 11. Power (per octave) spectrums of micro- 
seisms at Palisades during hurricane Donna for 1- 
hour time intervals. Numbers correspond to num- 
bered locations of storm center in Figure 10. 
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These curves axe related to cumulative energy 
through relationships which depend upon wave 
type, angle of incidence, and group velocity. 
They are rather complex, but they contain a 
considerable amount of useful information. 

In  Figure 6, we see that energy in the band 
around 16 seconds continues to arrive at a slowly 
decreasing rate for at least 20 minutes after the 
arrival of the slowest Rayleigh wave. In Figure 
12 differences in rate and total accumulation as 
a function of time between different components 
for an octave band around 16 seconds are illus- 
trated. In  Figure 13 i t  is shown that most of the 
energy in a given frequency band arrives at dis- 
crete times, but the wide-band signal arrives at 
a rather uniform rate. Most of the energy is 
concentrated near 8 seconds period. 

Although most of these characteristics are al- 
ready well known, this form of presentation 
makes it easy to compare the effects of magni- 
tude, focal depth, epicentral distance, and seis- 
mic path on seismic signals. Group velocities of 
various modes of propagation as a function of 
period can be obtained from this type of display. 
The arrival times for the particular period are 
represented by the maximums of slope. The 
group arrival times obtained from Jv,’dt are 
somewhat delayed by filter phase shift, but, as 
we have already explained, the delay can be 
eliminated. 

Rotation of axes and phase identification. A 
method of separating earthquake phases by par- 
ticle motion is shown in Figure 14. The output 
of the magnetic tape seismogram is played into 
potentiometers in the analog computer whose 
values are set to the sine and cosine of the azi- 
muth angle, 8,  from the station to the event 
under study. Pure longitudinal and transverse 
traces are produced from the N-S and E W  rec- 
ords by the transformation 

, 

T =  N s i n e -  E c m e  

L =  ~ c o s e + ~ ~ i n e  

(2’ positive to right of path from epicenter) 

( L  positive toward epicenter) 

where T is the transverse record and L is the 
longitudinal record. If the longitudinal and verti- 
cal traces are multiplied, the product, LZ, defh- 
ing ‘away’ and ‘up’ motions as positive, is posi- 
tive for compressional-type particle motion and 

Fig. 12. Transverse horizontal, T, longitudinal 
horizontal, L, and vertical, Z ,  seismograms (unfil- 
tered) from west-central Colombia earthquake 
compared with integral of the square of the same 
component of the particle velocity in a I-octave 
band centered at 16 seconds; 64 seconds record 
time per time mark. 

negative for SV-type particle motion. Pure Ray- 
leigh wave motion goes positive and negative at 
twice the original frequency. At some incidence 
angles, incident SV produces Rayleigh-type sur- 
face particle motion. This simple procedure sepa- 
rates transverse horizontal (2’)’ longitudinal 
horizontal (L) , compressional, vertically polar- 
ized transverse, and longitudinal elliptical (Rav- 
leigh-type) surface particle motions. It is posi- 
ble with this method to obtain any set of axes 
desired, including off-vertical axes, if required. 
The product LZ may be integrated to improve 
the signal-to-noise ratio for the body waves, since 
any ‘pure surface wave’ microseisms which may 
be present will integrate to zero. A brief discus- 
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Fig. 13. Cumulative signal on E W  component at various periods (1-octave band) as a 
function of time from northern Colombia earthquake; effects of inverse filtering ran he seen 
by comparison of iipper two trarcs; 32 seconds record time per large division. 
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Fig. 14. Block diagram of circuitry used to obtain longitudinal and transverse components of 
horizontal motion and to further separate earthquake phases by particle motion. 

sion of the effects of differences in instrumental 
amplitude and phase response on this procedure 
is given in appendix 2. 

In  Figure 15 the Rat Islands earthquake of 
December 30, 1961, provides an example of the 
use of this procedure. The azimuth at Palisades 
is 321.2". Playbacks of the original N-S and E W  
qeismograms are shown in the two top traces. 
The next two traces show the transverse and 
longitudinal horizontal motion. The P waves are 
essentially removed from the transverse compo- 
nent, as we would expect. The SH waves appear 
to arrive about 10 seconds later than the SV 
waves. Most of the later surface waves are over- 
loaded, but these are not essential in this study. 
On the bottom trace, LZ, the P wave arrival is 
sharply defined and most of the particle motion 
preceding S is of the compressional type; i.e., 
most of the trace is displated upward. Some SV- 
type motion, indicated by downward trace dis- 
placement, is observed 21 seconds after the 
initial P motion. This might be an SV wave, 
derived from incident P at the surface, reflected 
to the 11 discontinuity and back [Sharpe. 19353. 
The first S arrival is clearer on the LZ than on 
any of the individual traces. Several phases with 
compressional-type particle motion are observed 
following S, and some of these may be surface- 
reflected phases arriving as P. The arrival at 
about the predicted arrival time for PKKP 
agrees with P-type motion arriving from the 
direction away from the epicenter, as it should 
for PKKP. 

In Figure 16 another example of axis rotation 
and phase identification is presented. This earth- 
quake occurred in west-central Colombia on 
December 20, 1961, a t  an azimuth of 182.9", i.e., 
almost due south. Although the axis-rotation 
technique was used, the original azimuth is such 
that the recording axes were essentially Ion@- 
tudinal and transverse, and no further separa- 
tion mas apparent. In the LZ product trace, the 
particle motion can be seen to  be very 'pure'; 
ie., little multiply reflected SV or surface wave 
energy is generated in the vicinity of the station. 
The initial P wave is quite distinct in the origi- 
nal records and on the product trace. It does not 
appear that integration of the product trace 
would increase the signal-to-noise ratio at the 
initial P time in this case. The initial S arrival 
13 also quite clear. 

Playbacks of the iiiagnetic tape seismograms 
from an earthquake which occurred on the west 
coast of Chile on February 14, 1962, are shown 
in Figure 17. On this record the earlier arrivals 
are clearly P waves; the S wave arrival is quite 
sharp, and several phases following S are clearly 
dehed .  There are several arrivals immediately 
following S, some of which may correspond to 
multiple surface reflections terminating as com- 
pressional waves. Of particular interest are the 
two sharp phases arriving at about the predicted 
arrival times for PKPPKP and PKSPKP. These 
phases show particle motion opposite in sense to 
the initial P,  as is required for such phases, since 
t h e v  I T - ~ T - ~ P  approach the recording station froni 
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0=13-25-34.4 4.6* N 75.6OW 
M = 6  h = i 7 6 k m .  

Fig. 16. Seismograms of westccentral Colombia earthquake. 

the opposite direction. These phases appear to 
be more distinct on the product trace than on 
the original records. Also, the doubling of the 
frequency produced by the multiplication tends 
to sharpen the arrivals and to increase the pre- 
cision with which arrival times can be deter- 
mined. 

Figures 18 and 19 show phase separation 
achieved for Palisades seismograms of the Iran- 
ian shock of September 1, 1962. The azimuth a t  
Palisades is 42.6". There are no sharp phases on 
the transverse component before the arrival time 
of S; however, starting about 3 seconds after P ,  
there is a considerable amount of short-period 

Fig. 17. Seismograms of west-coast Chile earthquake. 
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energy on the transverse component. No signfi- 
cant improvement could be obtained by modify- 
ing the apparent azimuth of arrival and the 
relative amplitudes of the two horizontal com- 
ponents. A product of the vertical and transverse 
components, not shown here, indicates little CO- 

herence. Figure 18 shows the body waves on an 
expanded scale with two gain levels for the LZ 
product trace. 

The entire seismogram is shown in Figure 19. 
Here the time scale is 1/5 that in the preceding 
figure. The Rayleigh waves in the LZ product 
trace are approximately symmetrical about the 
time axis at twice the signal frequency, as ex- 
pected. The asymmetry shown represents a 
phase shift from the theoretically expected value 
for traveling waves. In  the last large burst in the 
Rayleigh wave train, the asymmetry is equiva- 
lent to a phase shift of about 20". This value is 
four times greater than the known instrumental 
phase error. 

The two lower traces are two gain levels of the 
time integral of LZ. Under certain conditions 
this type of display can sharpen the body wave 
arrivals and improve the signal strength relative 
to the background microseisms. 

Vibration analysis. Effective use of vibration 
and sonic analyzers in the audio-frequency range 
can be made when analog seismic signals are 
recorded on magnetic tape. Such analyzers as 
the Kay Electric Company's Missilyzer produce 
a plot of frequency versus time, Le., group ar- 
rival time, if a signal in the suitable frequency 
range is provided. Since this type of analyzer 
works in the audio-frequency range, it is gen- 
erally necessary to compress the time scale to 
bring all the long-period signals of interest into 
a useful frequency band. Vibration analyses of 
earthquake and explosion signals have been made 
by Ewing et al. [1959, 1961a, b l .  9 study of 
microseisms using this instrument with the out- 
put from magnetic tape seismograms has been 
reported by Page and Oliver rl9631. 

CONCLUSIONS 

The examples of analog reduction and analysis 
of magnetic tape seismograms presented in this 
paper illustrate some of the advantages of this 
kind of recording. Relatively simple and rapid 
analog procedures are available which can often 
produce the desired information from the raw 
data in a form most useful to the ob, server 

Among such procedures, not discussed in this 
paper, are determinations of azimuth and angle 
of incidence as functions of time, total particle 
amplitude versus time, and various types of run- 
ning spectrums. 

Detailed studies of particle motion and spec- 
trums of body waves may permit us to separate 
near-station effects from those of the source and 
propagation path. HaskeU [ 19621 presented the- 
oretical values of surface motion from emergent 
P and SV waves. Comparison of these with ob- 
served motions will be of considerable interest 
[Cook et al., 19621. 

The P waves, including the later arrivals, from 
the distant shocks presented in this paper exhibit 
rather pure P-type particle motion. A small 
amount of apparently scattered transverse hori- 
zontal motion does not appreciably affect the 
coherence of the longitudinal horizontal and ver- 
tical motions. The beginnings of the S waves are 
equally easy to identify by particle motion. For 
these reasons, the accuracy and reliability of P 
and S wave identification and arrival-time mea- 
surements can be improved by using a record of 
the product of the longitudinal horizontal and 
vertical motions in conjunction with a record of 
transverse motion. The recognition of P wave 
motion in the presence of surface wave back- 
ground noise can be facilitated by examining the 
integral JLZd t  as a function of time. 

The dynamic range, stability, and reliability of 
magnetic tape systems are continually improv- 
ing, as are analog computing elements. Also, the 
dynamic range required of a system can be re- 
duced by a judicious preshaping of the trans- 
ducer output. The relatively small amount of 
information on which digital processing might 
be desired can be digitized quite easily from 
analog magnetic tape records at  a sampling in- 
terval selected for the problem at hand. 

-4PPESDIX 1 

The following equations in the frequency do- 
main outline the procedure for eliminating phase 
shifts. 

The input signal may be expressed as 

j(o) = reqe 

and the filter transfer function is given by 

g(o) = ae" 
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In general r, 0, a, and b are functions of o. The 
filter output, then, is 

t ( B + b )  h(w) = f(co)g(w) = are 
Inverting the filtered signal in the time domain 
is equivalent t o  changing the sign of the phase 
angle. The filtered seismic signal in negative time 
ic given by 

r ( R + b )  f’(w) = h*(w) = are- 
Refiltering this signal n-e ohtain, at  the output, 

h’(w) = f (w)g(w) = cC*rc-’@ = j *gq* 

Thus, the signal has been multiplied by the 
square of the filter amplitude characteristic, and 
the original signal phase i s  presewed. The nega- 
tive phase angle merely indicates that the record 
is obtained end first. 

-4PPENDIX 2 

Differences in instrumental phase and ampli- 
tude response obviously can produce errors in 
the results of analyses in which various combi- 
nations of the originally recorded components 
of a signal are used. Theoretically, accurate cali- 
bration and suhsequent correction for differences 
in response can eliminate these errors. I n  prac- 
tice, however, fairly carefully matchrd instrii- 
nients can and should he obtained. 

Original recording of two orthogonal horizon- 
tal components and a vertical component is 
desirable, since this automatically separates cer- 
tain types of waves without further tramforma- 
tion. Differences in electromechanical details of 
the transducers are unimportant as long as the 
over-all amplitude and phase responses of the 
recordings are matched [Espinosu et al., 19621. 

To determine the effects of phase and ampli- 
tude differences between components, we shall 
first assume that the longitudinal and the tan- 
gential horizontal motions have been separated, 
and we shall examine the response of the LZ 
product to P, SV, and Rayleigh waves. 

P waves. A frequency component of the 
earth motion may be given by 

L = Lo coswt z = 20 coswt 
where L and 2 are defined as positive awav from 
the epicenter and up. 

The instrument outputs nrr given hy 

L’ = GLo cos (wt - 4) 
Z’ = PGZn COS (ut - 4 - E )  
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where G and 9 are the amplitude and phase 
response of the longitudinal component and p 
and E are the fractional gain and phase lag be- 
tween the vertical and longitudinal components. 
The product is 

L‘Z’ = P G ~ L ~ Z ,  COS - 4) COS (wt - 4 - e) 

or 

Thus the gain ratio affects only the amplitude 
of the product. Examining the term in brackets, 
me observe that the product is an oscillation at 
twice the input frequency with an amplitude of 
1, offset from zero by cos c in the positive direc- 
tion. For no phase error, E = 0, the product 
varies from zero to +2. For c = +30”, cos c = 
0.87, and the product varies from -0.13 to 
+1.87; i.e., there is only about 6 per cent nega- 
tive overshoot. 

SV wuves. In  this c a v ,  the earth motion may 
he given hy 

L = L” cos:t z = -z(, coswt  

17-ing the same instrumental contant; nc for the 
1’ wn\-eq, we get, for the product, 

. [- cos e - cos (2wt - 2+ - E ) ]  

In this case, for the bracketed term, the prod- 
uct is an oscillatiqn at twice the input frequency, 
and it has an aniplitude of 1, offset from zero by 
cos E in the negative direction. For no phase 
error, E = 0, the product varies from zero to -2, 
and for an error, c = +30°, the product vanes 
from $0.13 to -1.87, representing a positive 
overshoot of about, 6 per cent. 

Rayleigh waws. I n  this case, the earth mo- 
tion may be given by 

L = Lo c o s w t  z = 20 sinwt 

The instmment oiitputs become 

L’ = GL, COS (ut - 4) 

Z’ = PGZo sin (ut - C$ - c) 

and we get, for the product, 

L’z’ = PG’L,Z, COS (ut - 4) siii (ut - 4 - c) 
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or 

.[-sin e + sin (2ut - - e ) ]  

Again we see that the gain ratio affects only 
the amplitude of the product. For zero phase 
error, E = 0, if we consider only the bracketed 
term, the output oscillates symmetrically about 
zero with a peak-to-peak amplitude of 2 a t  twice 
the input frequency. For a phase error, E = 
1-30’, - sin E = -y2, and the output varies 
from - 3 / 2  to +1/2; i.e., the output is 75 per 
cent below the zero line. For a negative phase 
error, E = -30”, the output is 75 per cent above 
the zero line. For prograde elliptical particle 
motion, the effects of phase error would be re- 
versed. An error of E = 6” would produce about 
10 per cent asymmetry in the record of a pure 
Rayleigh wave. 

Differences in magnification do not affect 
phase separation obtained by taking the LZ 
product, but differences in phase response do. 
Fairly large phase errors do not seriously affect 
the results for rectilinear particle motion but 
tend to make elliptical motion look likr P 
or SV. 

Errors in azimuth caused either by an error in 
epicenter location or by deviation of the waves 
from the great-circle path produce ‘cross-talk’ 
on the records of L and T .  For incident P and 
SV waves, 

L,/L = cos 6 TOIL  = sin 6 
where L, and To are the observed signals on the 
L and T outputs, L is the actual longitudinal 
horizontal motion, and 8 is the angular difference 
between the actual and assumed direction of 
propagation. Similarly, for incident SH waves, 

T,/T = cos 6 Lo/T = sin 6 

where T is the actual transverse horizontal 
motion. 

When longitudinal and transverse horizontal 
components are obtained from original N-S and 
E-W records, both amplitude and phase errors 
can affect the results. Consider the horizontal 
component of an incident longitudinal wave, L, 
at azimuth fl The cround motion is 

L = L“ c o s w t  

or 

N = L, cos e coswt 

E = Lo sin 0 cosut  
The horizontal seismometer output may be writ- 
ten 

.IT’ = GL, cm e cos (ut - 4) 

E’ = PGLo sin 0 cos (ut - 4 - e )  

where G and 4 are the amplitude and phase 
response of the N-S instrument and /3 and E are 
the gain ratio and phase laF between the N-S 
and E-W outputs. 

The longitudinal output is 

L’ = hi’ COS 0 + E’ sin 0 

= GL,[cos’ 0 COS (ut - q5) 

+ p sin’ e cos (ut - 4 - E)] 

L‘ = GL,{ [COS’ 0 + /3 cos E sin’ e] 
. cos (ut - 4) + p sin E sin’ e sin (ut - 4) I 

The magnitude of L’, then, is 

I L ’ I  = GL~[COS‘  B + 2p cos E sin’ e 
.cos2 e + p’ sin4 81”’ 

Since i t  is reasonable to  consider E small, 

(L’i = GL,@ sin’ 0 4- cos2 0) 
The phase error, A, is given by 

tan x = p sin e sin’ e/(cOs’ e + p cos E sin’ e) 
and 

tan x N x N e/3 tan’ e/(i + tan’ e) 5 e 

The transverse output is 

1” = N‘ sin 0 - E‘ cos 0 

= GL, sin 0 cos O[cos (ut - q5) 

- p cos (ut - 4 - 41 

Tl = 2 G L  sin 2e[(1 - p cos 6)  cos (ut - 4) 
2 

- sin e sin (ut - 4)] 
The magnitude of T’ is 

GLo 
2 

IT’/ = -sin 219[/3’ - 2p cos e + 1]”2 
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For c small, the observed transverse component 
becomes 

GLo 
2 IT’I N - sin 28(1 - 0) 

The ratio of the magnitudes of the observed 
transverse and longitudinal components, for e 

small ,  is 

/ T ’ I / I L ’ I  = (I -p)s in2t1/2(psin~~+ C d e )  

= (I - ji~) tan  e /@ tan’ e + I) 

The maximum ratio occurs for tan2 0 = I//3 
where 

/T’l / lL’/  = (1 - P)/Zj3”’ 

and, for j 3  FJ 1, 

Summarizing these results, we can say (1) to 
the first order, a small error in phase does not 
d e c t  the separation of L and T ;  (2) an ampli- 
tude error produces apparent T from incident L 
proportionately to the amount of error, (1 - j 3 )  , 
the ratio of T’ to L’ being less than the error; 
snd (3) the resulting phase error in observed L 
is equal to or lew than the greatest individual 
phase error. 

Analogous results would be obtained from an 
analysis of incident SH motion. 
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